We present a novel scheme for the generation of entangled states of two spatially separated nitrogen-vacancy (NV) centers with two whispering-gallery-mode (WGM) microresonators, which are coupled either by an optical fiber-taper waveguide, or by the evanescent fields of the WGM. We show that, the steady state of the two NV centers can be steered into a singlet-like state through a dissipative quantum dynamical process, where the cavity decay plays a positive role and can help drive the system to the target state. The protocol may open up promising perspectives for quantum communication and computation with this solid-state cavity quantum electrodynamic system.
channels such as optical fiber-taper waveguide.
In this work, we propose an efficient scheme for the preparation of entangled states of two spatially separated NV centers with two microsphere resonators (MRs) coupled either by an optical fiber-taper waveguide, or via the evanescent fields of the WGM. This proposal actively exploits the resonator decay to drive the system to a singlet-like entangled stationary state through an engineered reservoir for the NV centers. We show that, the steady state of the two NV centers can be steered into a singlet-like state through a dissipative quantum dynamical process. Up to our knowledge, this is the first proposal for preparing entanglement of distant NV centers employing reservoir engineering. Compared to previous works using unitary dynamical evolution [36, 37] , the present work has the following distinct features: (i) it performs well starting from an arbitrary initial state, which renders the initialization of the system in a pure state unnecessary; (ii) the produced entangled state is a pure stationary state; this auspicious feature is very promising in view of the quest for viable, long-lived entanglement; (iii) since cavity decay has been used to actively drive the system dynamics, it thus converts a detrimental source of noise into a resource. This work may represent promising steps toward the realization of entanglement with the solid-state cavity QED system.
II. DISSIPATIVE ENTANGLED STATE PREPARATION VIA RESERVOIR ENGINEERING
A. Two WGM microresonators connected by an optical fiber-taper waveguide
We first consider two negatively charged NV centers coupled to two remote MRs connected by a fiber-taper waveguide, as shown in Fig. 1 . NV centers in diamond consist of a substitutional nitrogen atom and an adjacent vacancy having trapped an additional electron, whose electronic ground state has a spin S = 1 and is labeled as | 3 A 2 = |E 0 ⊗ |m s = 0, ±1 , where |E 0 is the orbital state with zero angular momentum projection along the NV axis. Quantum information is encoded in the spin states |m s = ±1 of the 3 A 2 triplet such that |0 = |m s = −1 , and |1 = |m s = +1 . The Λ three-level system could be realized in the NV center if the excited state |e is chosen as |e = 1 √ 2
(|E − |m s = +1 + |E + |m s = −1 ) [36, 43] , where |E ± are orbital states with angular momentum projection ±1 along the NV axis. (|E− |ms = +1 + |E+ |ms = −1 ).
The modes of spherical resonators can be classified by mode numbers n, l and m, which determine the characteristic radial (n) and angular (l and m) field distribution of the modes. Usually the so-called fundamental WGM (n = 1, l = m) attracts great interests, whose field is concentrated in the vicinity of the equatorial plane of the sphere. In perfect spheres, resonance frequencies do not depend on m, which means the MR supports both clockwise and counter-clockwise fundamental WGM. However, it has been shown that this degeneracy can be lifted either by shape effect or by internal backscattering [44] , and these modes can be selectively excited by coupling to a tapered fiber [30] . Therefore, in this work we only consider a single fundamental WGM with frequency ν 0 interacting with the NV centers.
The fundamental WGM dispersively couples the transition |1 ↔ |e for each N-V center with coupling constant g j . The laser field of frequency ω 0 couples the transition |0 ↔ |e with Rabi frequency Ω j . These two transitions are assumed to be on the two-photon Raman resonance, thus establishing Raman transitions between the states |0 and |1 through the WGM and laser field. The laser fields of frequencies ω 1 and ω 2 drive the transitions |0 ↔ |e and |1 ↔ |e with Rabi frequencies Λ j and Π j , which are also on Raman resonance. Therefore, another Raman laser system is established between the states |0 and |1 involving the two laser fields with frequencies ω 1 and ω 2 . The transition |1 ↔ |e is also driven by a third classical laser field of frequency ω 3 with Rabi frequency Σ j . This laser field is used to induce an extra Stark shift for the state |1 , which can break the symmetry of the system Hamiltonian to ensure that the system has a unique steady state [18] . The corresponding detunings for the related transitions are
, where ω e0 , ω e1 are the transition frequencies for the NV centers. In the interaction picture, the Hamiltonian describing the interaction between the NV centers and the laser fields and cavity modes is (let = 1)
whereâ j is the annihilation operator for the jth cavity mode. We now discuss the coupling between the two MRs and the optical fiber-taper waveguide. We consider an optical fiber-taper waveguide near the equatorial planes of both microspheres [31] , with length l and the decay rate of the resonator' fields into the continuum of the fiber modesν. The number of longitudinal modes of the fiber that significantly interact with the corresponding resonator modes is on the order of lν/2πc [9, 10, 12, 13] . If we consider the short fiber limit lν/2πc ≤ 1, then only one resonant modeb of the fiber interacts with the cavity modes. Then the interaction Hamiltonian describing the coupling between the cavity modes and the fiber mode is [9, 10, 12, 13] 
where ν is the cavity-fiber coupling strength, and ϕ is the phase due to propagation of the field through the fiber. Define three normal bosonic modesĉ,ĉ 1 ,ĉ 2 by the canonical transformationsĉ =
In terms of the bosonic modesĉ,ĉ 1 andĉ 2 , the interaction Hamiltonian H c,f is diagonal. We rewrite this Hamiltonian as
So the whole Hamiltonian in the interaction picture is H = H 0 + H 1 .
In the following, the system-environment interaction is assumed Markovian, and then is described by a master
with
where κ j is the leakage rate of photons from resonator j (κ 1 = κ 2 = κ is assumed in the following) and κ f is the decay rate of the fiber mode. The term D spon ρ describes spontaneous emission of the NV centers from the excited state |e . Its concrete form is not relevant to this proposal, since we will adiabatically eliminate the excited state in the following.
We proceed to perform the unitary transformation e −iH0t , which leads to
If we assume ν ≫ {∆ j , ∆ ′ j , δ j , g j }, we can safely neglect the nonresonant modesĉ 1 ,ĉ 2 under the rotating-wave approximation. Thus we obtain the following Hamiltonian
In the large detuning limit, 
, and g eff = Ω1g * 1
. In derivation of Hamiltonian (7), the resonance
ĉ †ĉ is used, and the constant terms has been omitted. We now consider the dissipation term D R1 ρ + D R2 ρ + D f ρ, which can be simplified if we give out its expression in terms of the bosonic modesĉ,ĉ 1 andĉ 2 . From the
Since under the rotating-wave approximation the nonresonant modesĉ 1 ,ĉ 2 are mostly in the vacuum state and have been neglected, we can discard the termŝ
Now, the master equation (3) reduces to
We can introduce the photon number representation for the density operator ρ with respect to the normal modê c, i.e., ρ = ∞ m,n=0 ρ mn |m n|, where ρ mn are the fieldmatrix elements in the basis of the photon number states of the normal modeĉ, and are still operators with respect to the NV centers. We now assume that the resonator modes are strongly damped, in which case the populations of the highly excited modes can be neglected. Therefore, we consider only the matrix elements ρ mn inside the subspace {|0 , |1 } of the photon numbers. Under this approximation, the master equation (10) leads to the following set of coupled equations of motion for the field-matrix elements [45] ρ 00 =F ρ 00 − ig eff ρ 01 |1 1 0| − ig eff ρ 01 |1 2 0| +ig eff |0 1 1|ρ 10 + ig eff |0 2 1|ρ 10 + κρ 11 , (11a)
wherê
The reduced density operator for the NV centers is ̺ N = Tr F (ρ) ≃ ρ 00 +ρ 11 . For the case of strong resonator damping, we can adiabatically eliminate the elements ρ 01 and ρ 11 from the above equations [45] , prompting the evolution of the two NV centers with an effective master equation
where
The first term in the right side of master equation (13) describes the coherent laser driving of the two NV centers, while the last two terms describe an effective engineered reservoir for the NV centers. In order to gain more insight into the combined effect of the unitary and dissipative dynamics described by the master equation (13), we switch to the collective state picture for the two NV centers, with the three triplet states
2 )}, and the singlet state |S = 1/ √ 2(|0 1 |1 2 − |1 1 |0 2 ). In this case, the Hamiltonian H d and the Lindblad operator L e can be rewritten as
where we have taken∆ 1 = −∆ 2 =∆. The effective processes described by the Hamiltonian H d and the Lindblad operator L e is shown in Fig. 2 . The Hamiltonian H d corresponding to coherent laser driving induces transitions between the three triplet states {|00 , |11 , |T }, and between the triplet state|T and the singlet state |S , while the Lindblad operator L e will drive the transition from |00 to |T , and from |T to |11 . Hence, the combined effect of the unitary and dissipative dynamics drives essentially much of the population to the singlet state |S , and a minor overlap with |11 . It can readily be seen that the state
is the unique stationary state [18] of the master equation (13) i.e.,
Therefore, starting from an arbitrary initial state, we can prepare the steady state of the two NV centers in the singlet-like entangled state |ψ S . It should be noted that a similar master equation to (13) has been presented in Refs. [18, 19] , where they study the preparation of a maximally entangled state of two trapped atoms in a heavily damped cavity. As pointed in Refs. [18, 19] , to guarantee that the state |ψ S is the unique stationary state of the master equation (13), breaking the symmetry in the system accomplished by a small energy level shift is necessary.
B. Two coupled WGM microresonators through the evanescent fields of the WGM
We point out that the essential idea of above discussions can be applied to the system in which the two WGM resonators couple with each other directly via coherent photon hopping [46, 47] , i.e., coupled resonators. It can also be applied to the situation where two negatively charged N-V centers are positioned near the surface of a common WGM resonator [36] . In the following we will discuss the former case in more detail. We now investigate the setup in which the two WGM resonators interact with each other directly via the evanescent fields of the WGM rather than an optical fiber-taper waveguide, as illustrated in Fig. 3 . The couplings between the resonator modes and the laser fields are just the same as that shown in Fig. 1(b) , except that the detuning for the WGM is now taken as∆ j . In this case, the interaction between the NV centers and the laser fields and cavity modes is just described by the Hamiltonian (1). The Hamiltonian describing the direct coupling between these two resonators is
where J is the hopping rate of photons between the resonators. At present, the master equation describing the system-environment interaction is
. Performing the unitary transformation e −iH0t will lead to
[Ω j |e j 0|e i∆j t + Λ j |e j 0|e
this condition enables us to neglect the nonresonant moded 2 under the rotating-wave approximation. Consequently we obtain the following Hamiltonian
If we further assume {|∆ j |, |∆
we can adiabatically eliminate the excited state |e , and get an effective Hamiltonian in a rotating frame as that of Eq.
Following the same reasoning as that for getting the master equation (13), we can get an effective master equation which has the same form as Eq. (13) . In this case, we can also prepare the stationary state of the two NV centers in an entangled state.
III. NUMERICAL SIMULATIONS AND PRACTICAL CONSIDERATIONS
It is necessary to verify the model through numerical simulations. To provide an example, we consider the tapered-fiber case. The same results can be obtained in the case where the microresonators are directly coupled. Taking account of the dephasing effect, we simulate the dynamics of the system by the following master equation
where (26) with γ ϕ the pure dephasing rate of the NV centers, and σ j z = |1 j 1| − |0 j 0|. In the following through solving the full master equation (25) numerically, we calculate the time evolution of the fidelity, and of the population of the singlet state and of the three triplet states for different initial state. The fidelity with respect to the singlet-like state |ψ S is defined as F = ψ S |̺ N |ψ S . In order to perform the simulation much easier, we switch to the field representation with respect to the normal modeŝ c,ĉ 1 ,ĉ 2 . Then the Hamiltonian in equation (25) is taken as (5) . To solve the master equation numerically, we employ the Monte Carlo wave function formalism from the quantum trajectory method [48] . All the simulations are performed under 50 trajectories. The relevant parameters are chosen such that they are within the parameter range for which the scheme is valid. Figure 4 shows the numerical results for the fidelity F , the population of the singlet state P S , and the respective population of the three triplet states P 00 , P 11 , P T for an appropriate set of parameters, starting from two different initial states |00 and |11 without dephasing. One can readily see that the model performs very well with the chosen parameters. Starting from a given initial state, the populations P 00 , P T oscillate rapidly with an envelop decaying at a rate proportional to g 2 ef f /κ, while the fidelity F and the populations P S and P 11 converge to the maximum values at the same rate. In fact, the system can evolve to the stationary state |ψ S with a fidelity higher than 99% regardless of the initial state. Figure 5 displays time evolution of the fidelity under several dephasing rates starting from two different initial states |00 and |11 . From the simulations we can see that, when γ ϕ < {Θ, g 2 ef f /κ}, the effect of dephasing on the fidelity of the scheme can be neglected. However, as the dephasing rate γ ϕ becomes comparable to the effective coherent coupling strength Θ, or larger than it, the fidelity of the scheme is spoiled by dephasing. Therefore, to implement this proposal with high fidelity requires that γ ϕ < {Θ, g For experimental implementation of this protocol, the present day achievements in the experiment with NV centers and WGM resonators can be used. Coherent coupling between individual NV center in diamond and the WGM in microsphere or microdisk resonator has been reached [27, 28] . For example, in the experiment demonstrating the normal mode splitting with NV centers in diamond nanocrystals and silica microspheres [27] , the coupling strength between NV centers and the WGM is about g/2π ∼ 55 MHz, and the cavity decay rate is κ/2π ∼ 50 MHz. For the NV centers, the electron spin relaxation time T 1 of diamond NV centers ranges from several milliseconds at room temperature to seconds at cryogenic temperature. For our scheme, it should be implemented at cryogenic temperatures ranging from 6 to 12 K [27] . The dephasing time T 2 induced by the fluctuations in the nuclear spin bath has the value of several microseconds in general, which can be increased to 2 milliseconds in ultrapure diamond [29] . Therefore, the time for reaching the stationary state |ψ S , which is about 1000/g ∼ 3µs, is shorter than the typical decoherence time for this system. The two resonators can be coupled either by an optical fiber-taper waveguide for the case of remote resonators, or via the evanescent fields of the WGM for the case of nearby resonators. As for the coherent coupling between the fiber and resonators, a perfect fiber-cavity coupling (with efficiency larger than 99.9%) can be realized by fiber-taper coupling to high-Q silica microspheres [30] or microtoroidal cavities [49] . Thus with present day techniques in solid-state cavity QED, this proposal could be realized.
IV. CONCLUSION
We have presented a novel scheme for the preparation of entangled states of two spatially separated NV centers with two WGM resonators coupled either by an optical fiber-taper waveguide, or via the evanescent fields of the WGM. The proposal actively exploits the resonator decay to drive the system to a singlet-like entangled stationary state through an engineered reservoir for the NV centers. This work may represent promising steps toward the realization of entanglement with the solid-state cavity QED system.
